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Periodic systems are best described by the pseudo-potential methods. However, the accuracy of its
description depends on the cut-off of plane wave basis. This is much more critical in the case of weak
interactions, where a clear understanding on the influence of plane wave cut-off on the structural and
electronic properties is not readily available in the literature. In the present work, we have taken a metal
substituted beta zeolite–H2O complex for understanding this objective. Our studies show that while a
lower cut-off of 500 eV is sufficient for the convergence of the structural parameters, description of
energy-dependent properties necessitates a high cut-off value.

� 2009 Elsevier B.V. All rights reserved.
1. Introduction

Among several theoretical methods, the total energy techniques
such as Hartree–Fock (HF) and post-HF methods have been suc-
cessfully applied to understand the structure and properties of sys-
tems containing 10–100 electrons [1]. The advances in density
functional theory (DFT) [2,3] have facilitated the extension of these
studies to large polyatomic molecules with more than 100 elec-
trons. With the advent of pseudo-potential (PP) based DFT meth-
ods [4], these studies were extended to periodic systems where
core electrons are represented by pseudo-potentials and valence
electrons are dealt with plane waves (PW). This reduces the com-
putational expense of simulation [5] in dealing with large complex
molecules and, in particular, for periodic systems. In addition, PW
technique is popular as it is straight forward to use in solid state
periodic simulations. PW periodic DFT (p-DFT) based methods
have found an impressive range of applications [6–10].

An extremely appealing feature of PW basis is that the energies
calculated do not suffer from the basis set superposition error
(BSSE). This enables a better description of adsorption processes
that are characterized by interaction energies of moderate
strength. However, the quality of the PW basis set is specified by
an important parameter: the electronic kinetic energy cut-off, Ecut.
Therefore, with a given structure and a set of pseudo-potentials,
the first task in any PW calculation is to choose appropriate cut-
off energy for the basis. This is done by means of a convergence
test, in which calculations are carried out at a series of increasing
cut-off energies. The convergence of a given quantity, usually the
ll rights reserved.
total energy, is monitored towards its large cut-off limit. However,
as will be discussed later, this is not a sufficient test for studying
weak interactions.

Many physical properties such as bulk moduli, piezoelectric
constant, phonon, and phase transitions, are related to the total en-
ergy of a system. In contrast, chemical properties such as interac-
tion energy, adsorption energy, intrinsic reaction barriers etc., are
related to the differences in total energies of two systems. In
p-DFT, truncation of PW at a finite cut-off may lead to an error in
the calculation of the total energy and other energy-related prop-
erties. These errors are usually reduced by increasing the value of
kinetic energy cut-off and hence the number of PW. In principle,
the PW cut-off is increased until the calculated total energy is
converged. However, a relative property, such as weak interaction
energy need not converge at the same rate as that of the total
energy. Hence, all these parameters, despite having some default
values in the program, need to be carefully chosen in a given
simulation.

Based on the above issues and inspired by the work of Ramirez-
Solis and co-workers [11], we examine the convergence of total
and interaction energies as a function of PW basis. In the latter
work the statistical and dynamical structure, energy convergence,
and frequency convergence of Hydrogen Fluoride clusters were
studied using standard norm conserving pseudo-potentials. The
authors enclosed each molecular cluster in a box of 15 Å. Here
the vacuum region and the decaying wave functions are more
delicate to handle with plane waves and the cut-off is crucial. Their
study verified the need of a large plane wave cut-off for a proper
description of ionic and hydrogen bonded interactions in a cluster.
The authors mentioned that it would be interesting to have similar
comparisons with the ultrasoft pseudo-potentials. It is to be noted
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that in the present study, we have used ultrasoft pseudo-
potentials, which are known to typically require 2.5–4 times lower
cut-offs. Although similar attempts [12–17] have been previously
made in the computational chemistry community, a clear descrip-
tion of the PW variation for a large periodic model is not yet
available.

Consequently, we aim to examine the influence of PW cut-off on
the convergence of a weakly interacting zeolite and water complex.
These catalysts are so chosen because they are preferentially
hydrophobic in nature [18,19]. In addition, zeolite beta (BEA) is a
well known active catalyst for carrying out several organic reac-
tions. Hence, the nature of its interaction, which is mainly weak
attractive and coordinative, with several organic reagents and
reaction media necessitates an understanding using such theoret-
ical studies [20–22]. The incorporation of Ti- and Sn- at active sites
(T-sites) finely tunes acidity and increases activity of the BEA
(T-BEA). Several studies describe the structural and energetic
features of these systems [23–27]. Structural details of Sn/Ti-
BEA-complexes, their cohesive energies, interaction energies along
with reactivity are well studied in the literature [22,28–34]. This
system is an appropriate example as it features a rigid and flexible
framework with a simultaneous presence of two types of bonding,
a covalent one e.g. Si–O and a weak hydrogen bonding due to the
adsorption of a water molecule, representing a wide range of
chemical systems. Hence, the main focus of present study will be
to examine the role of PW in describing the structural properties
such as bond length, bond angle etc., total energies of each individ-
ual system and their respective interaction energies. We also
include a short discussion on the density-dependent HOMO, LUMO
and ELF contours. These maps are calculated at PW cut-offs of
500 eV and 1000 eV to highlight the effect of basis extension.
Fig. 1. Optimized T-BEA unit cell with interaction of H2O molecule at T1 site. Black
sphere, Ti-atom; gray spheres, Si atoms; yellow spheres, O atoms; and small green
spheres, H atoms. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
2. Simulation model

Since the zeolites are periodic and crystalline, their simulation
is a challenging task. The most appreciated approximation for
investigation of active sites within zeolites is a computationally
cheap cluster model [35–38] approach. However, since a cluster
model is an abbreviated form of a 3D structure, it introduces some
artificial surface states and does not consider the long range inter-
actions. In addition, the presence of a few substituted active sites in
zeolites forces one to use periodic boundary conditions (PBC) in
their representation. PBC corresponds to one or more unit cells
replicated to form an infinite lattice. This ensures that the density
of the system remains constant throughout the simulation and that
the surface effects are absent. Despite the complexity to build such
models, several reaction mechanisms of these catalytic materials
are studied periodically [39–41]. However, as mentioned above, a
clear understanding on the convergence of structure and energy
with respect to PW cut-off is not available in the literature.

The unit cell of an ideal fully siliceous BEA zeolite consists of
192 atoms with 64 Si and 128 O atoms distributed within the
tetragonal lattice of dimensions 12.6 Å � 12.6 Å � 26.2 Å. Fig. 1
shows the unit cell of BEA zeolite. There are nine distinct crystallo-
graphically defined T-sites. We adopt the structure of BEA from our
earlier theoretical study [34] and incorporate the Sn- and Ti-atoms
at T2 and T1 sites [42], respectively. The interaction of H2O mole-
cule at the active site is very important since it gives rise to geo-
metric perturbations and energetic differences. Schematic
representation of T-BEA/H2O is given in Fig. 1 (small molecule ad-
sorbed on T-site). The most favorable H2O ligand approach at the
active T-site is along the b axis. Various other possible orientations
of H2O ligand at the active site result in high energy and high force
values. The insertion of water molecule results in elongation of one
of the T–O bonds compared to that of the others present in TO4
unit. The four framework oxygen atoms are no longer equivalent
and split into one axial (T–Oax) opposite to the adsorbed ligand
and three equatorial (T–Oeq), respectively. Consequently, six O–
T–O angles of the TO4 unit give rise to two triplets, Oeq–T–Oeq

and Oeq–T–Oax. These are labeled as a and b, respectively. This geo-
metric distortion leading to more distorted bipyramidal geometry
makes the structure more reactive.

3. Computational details

All periodic calculations in the present study are carried out
using VASP [9,10]. The PBC facilitates one to add long range elec-
trostatic interactions through Ewald summations. As in standard
DFT programs, the stationary ground state in p-DFT is calculated
by solving iterative Kohn–Sham equations. We use Vanderbilt’s
ultrasoft pseudo-potentials [43] for describing the behavior of core
electrons. Here we vary the number of PW for valence, and analyze
the properties of the systems with respect to their number. The en-
ergy cut-off for plane waves is varied from 300 eV i.e. 21.83 Ry to
1200 eV i.e. 88.20 Ry. The exchange–correlation functional is ex-
pressed by the generalized gradient approximation (GGA) using
Perdew–Wang 91 [44] functional. The calculations are restricted
to gamma point in the Brillouin zone sampling. The structural opti-
mization of Sn- and Ti-BEA is carried out using the conjugate gra-
dient method. The structure is considered to be optimized when
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Fig. 2. (a) Total energy of Sn-BEA + H2O as a function of PW cut-off at default FFT
grid. (b) Interaction energy of Ti-BEA and H2O as a function of PW cut-off at default
FFT grid.
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Fig. 3. Ti-BEA nuclear–nuclear repulsion energy (Ewald energy) (eV) as a function
of PW cut-off (eV).
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Fig. 4. H2O total energy (eV) as a function of PW cut-off (eV).
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ig. 5. (a) Ti-BEA + H2O total energy (eV) as a function of PW cut-off (eV). (b) Sn-
EA total energy (eV) as a function of PW cut-off (eV).
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the maximum force on each atom is less than 0.08 eV/Å. Similar
optimization procedures are repeated for the interaction of water
molecule at Sn- and Ti-centers in BEA, and for that of periodic bare
H2O molecule. The above procedure of optimization is followed for
all systems with PW cut-off varying from 300 eV to 1200 eV at an
interval of 100 eV.

While calculating the total energy, one should take care of the
charge density. The charge density is computed easily in real space,
as it is simply the square of magnitude of the wave function. How-
ever, the charge density has components up to twice the cut-off
wave vector in case of PW. Most programs assign some default grid
size according to the need of the computation. However, the accu-
racy of such default values cannot be taken as granted for systems
where a large number of PWs are required to explain weak inter-
actions. As an illustration, Fig. 2a shows a model convergence pat-
tern of the total energy of Sn-BEA and H2O complex as a function of
cut-off at default FFT grid assigned by the VASP program. Similarly,
the total energy of each system converge smoothly until 700 eV
cut-off, beyond which it fails to converge with default grid values.
A consequence of this is also observed in the respective interaction
energy. The Fig. 2b highlights the oscillatory interaction energies of
the complexes as a result of bad convergence of the total energy of
the individual system. As the energy-dependent relative property
is far from the convergence, it is necessary to explore the energy
surface of materials using higher cut-offs. Hence, to maintain a
faithful representation of charge density one must compute it on
a grid twice denser than that required in the representation of
the wave function. In addition, considering the size of our periodic
model and to achieve a better relative accuracy, we fix the FFT grid
to a cubical 96 � 96 � 96 �mesh size. Further discussion of the
results will be mostly in graphical form. The graphical figures are
obtained from differential plots, where, we assume the converged
values at limiting cut-off (1000 eV) as a reference zero and rest of
the higher energies are subtracted from these reference values.
Fig. 3, taken as evidence for structural convergence, depicts nucle-
ar–nuclear repulsion energy as a function of cut-off. Fig. 4 gives the
total energy of water as a function of cut-off. Fig. 5a and b depicts
F
B

the total energy convergence plots of Ti-BEA–H2O complex and Sn-
BEA, respectively. The rest of the systems follow similar trend of
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Fig. 6. (a) Ti-BEA and H2O Interaction energy (eV) as a function of PW cut-off (eV).
(b) Sn-BEA and H2O Interaction energy (eV) as a function of PW cut-off (eV).
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the convergence. We have not presented figures for them. Fig. 6a
and b displays the most important property, the fluctuations of
interaction between Ti-BEA and Sn-BEA with water molecule,
respectively.
4. Results and discussion: role of plane wave cut-off in
structural and energy convergence

We first examine the convergence of structural parameters over
the range of PW cut-off, 300–1200 eV. Table 1 shows the conver-
gence of some relevant geometrical parameters. The intra-molecu-
lar distances are quite stable from 400 eV. As a result of water
adsorption, both the T-BEA–water adducts show an elongation of
all T–O bond lengths as compared to the bare T-BEA systems. For
Sn-BEA, it is stable at 1.91 Å, where as in water adduct, it gets elon-
gated to 1.92 Å. For Ti-BEA, T–O distance converges to 1.80 Å. This
gets elongated and converges to 1.82 Å in its water adduct. In T-
BEA–water adduct, T–Si bonds do not show much elongation as
Table 1
Convergence of various geometrical parameters of T-BEA + H2O as a function of plane
wave cut-off.

Geometrical parameters Sn-BEA Sn-BEA + H2O Ti-BEA Ti-BEA + H2O

T–O Å (300 eV) 1.91 1.92 1.80 1.82
T–O Å (400 eV) 1.91 1.92 1.80 1.82
T–O Å (1000 eV) 1.91 1.92 1.80 1.82
T–Si Å (300 eV) 3.33 3.34 3.33 3.35
T–Si (400 eV) 3.33 3.36 3.33 3.36
T–Si Å (1000 eV) 3.33 3.36 3.33 3.36
T–O–Si deg. (300 eV) 143.0 145.9 152.0 157.8
T–O–Si deg. (400 eV) 143.0 145.2 152.0 157.7
T–O–Si deg. (1000 eV) 143.0 145.2 152.0 157.7
T–OH2 Å (300 eV) – 2.43 – 4.07
T–OH2 Å (600 eV) – 2.44 – 3.84
T–OH2 Å (1000 eV) – 2.44 – 3.84
compared to the bare T-BEA. For bare T-BEA, T–Si distance con-
verges to 3.33 Å and for the corresponding adduct, it converges
to 3.36 Å. T–O–Si bond angle gets much widened in the respective
water adducts. For Sn-BEA and H2O complex, the T–O–Si angle
widens from 143� to 145.2�, where as for Ti-BEA it changes from
152� to 157.7�.

The most important inter-molecular interaction involves oxy-
gen atom of water molecule with Sn- and Ti-atoms in BEA. In Sn-
BEA, T–OH2 distance varies from 2.43 Å to 2.44 Å, showing its con-
vergence from 500 eV. However, in Ti-BEA, T–OH2 distance varies
from 3.84 Å to 4.13 Å and converges to 3.84 Å at 600 eV cut-off.
Thus, the structural convergence is less sensitive to the number
of PW and the evidence of this fact is given through Fig. 3. Fig. 3
represents the variation of Ewald energy i. e. nuclear–nuclear
repulsion energy for Ti-BEA over the plane wave basis. This figure
depicts the model plot of nuclear repulsion energy as a function of
cut-off as rest of the systems follow similar trend. The Ewald en-
ergy plot (Fig. 3) distinctly shows a plateau around 600 eV cut-
off. This leads to conclusion that the nuclear positions are fixed
at and above these cut-offs. However, for low cut-offs of 400 eV
and 500 eV, the difference of repulsion energy from converged
energies is negligible and hence one can assume the qualitative
structural convergence even at 500 eV. Thus, the convergence of
the structural parameters at lower PW cut-off validates the use
of ultrasoft pseudo-potentials. These results certainly indicate that
for accurate structure one does not need very high kinetic energy
cut-offs.

The convergence of adsorption energies with respect to the PW
cut-offs for zeolitic system is one of the most crucial issues to be
investigated. These catalytic materials are expected to exhibit the
hydrophobic nature as water present is responsible in poisoning
the active site. Discrepancy in calculation of the adsorption energy
of water molecule on Sn- and Ti-BEA zeolite is already reported by
us in our earlier study [34]. We next analyze the convergence of to-
tal energy and the desired properties dependent on it as a function
of plane wave cut-off. Figs. 4 and 5a and b present the convergence
of total energies of water and T-BEA systems, respectively. Fig. 6a
and b depicts the interaction energies at variable cut-off for two
different T-BEA systems with water molecule.

In our study of T-BEA and their weakly interacting water ad-
duct, we attempt to determine properties that are essentially
chemical in nature. Chemical properties are mostly determined
by the electronic structure in the region between atoms, rather
than in the space within atomic cores. This fact has already been
made use of in the pseudo-potential approximation, and as we will
see, it does not allow us to use a lower PW cut-off for the electronic
energy convergence. The electronic energy is much more sensitive
to the variation of PW cut-off. The total energy convergence of Ti-
BEA–H2O and Sn-BEA as a function of PW basis are plotted in
Fig. 5a and b (rest of the systems follow a similar trend). The total
energies of T-BEA and their respective water complexes are seen to
converge very slowly at lower cut-offs up to 500 eV. At these cut-
offs the difference in total energy is around 1 eV between two suc-
cessive cut-offs. However, 600 eV onwards, this difference reduces
and the total energies of all systems converge much faster. Abso-
lute convergence can be seen from 900 eV to 1000 eV cut-off. For
water molecule (see Fig. 4), although the convergence is relatively
faster even at lower cut-offs, we observe that at cut-offs beyond
700 eV, the electronic energy is well saturated. The total energy de-
creases linearly up to 700 eV cut-off, beyond which a smooth con-
vergence is observed. Although a solid is known to converge at a
faster rate than the gas phase molecules, Fig. 4 shows a reverse
trend. The electronic energy of molecular water converges at a
lower cut-off of 600 eV. However, the interaction energy (defined
as ET—BEAþ1H2O � ðET—BEA þ E1H2OÞ) which is a relative term, converges
only at cut-offs larger than 800 eV. The oscillatory behavior of
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interaction energy (Fig. 6a and b) affirms the failure of low cut-offs
in calculating the energy-dependent properties. Interaction energy
greatly fluctuates for low PW cut-off: 300–700 eV. At the cut-off
300 eV, the interaction energy values are clearly misleading, since
Ti-BEA turns out to be more hydrophilic in nature compared to Sn-
BEA. Several experimental and theoretical work [34,45] reports Sn-
BEA to be strongly acidic and hydrophilic in nature. The variation
in the convergence of interaction energy remains same even
though the number of plane waves are increased. Thus, the evalu-
ation of a relative property, such as the interaction energy, justifies
role of exceptionally high cut-off in an energy-dependent property
convergence.

A keen observation of Figs. 5a– 6b highlights a slight error in the
convergence of total and interaction energies above 1000 eV cut-
off. A good convergence of energies, absolute or interactive, is ob-
tained up to 1000 eV, beyond which these values violate the con-
vergence pattern. In this case, as already described in the
computational discussion, when the cut-off reaches its high limit-
ing value a denser grid construction is advisable to accommodate
this exceeded threshold of PW.

Highest occupied molecular orbital (HOMO) and lowest unoc-
cupied molecular orbital (LUMO) are characteristic of a particular
system and are considered as the descriptors of global reactivity.
Hence, for both individual T-BEA systems and their water adducts,
we inspect the convergence of HOMO and LUMO with respect to
the cut-off. HOMO, LUMO energies and their energy gap start to
converge above 600 eV cut-off. For Sn-BEA, the converged values
of HOMO and LUMO are �3.109 eV and 1.344 eV, respectively.
For Ti-BEA, the HOMO converges to �3.144 eV and LUMO to
1.374 eV. For Sn-BEA adduct, the converged values of HOMO and
LUMO are �2.891 eV and 1.659 eV, respectively. For Ti-BEA, adduct
the corresponding values are �2.888 eV and 1.366 eV, respectively.

Analysis of HOMO orbital (figure not shown) at 500 eV and
1000 eV shows a contribution from the framework oxygen (clearly
showing p-orbital lobes) surrounding the T-atom. The oxygen of
water molecule does not contribute to the HOMO. Analysis of the
LUMO orbital (figure not shown) at 500 eV and 1000 eV highlights
the polarization of the neighboring framework oxygen due to
T-atoms. The LUMO is mostly concentrated on the T-atom. In addi-
tion, the density on the oxygen atom of the water molecule is also
polarized due to the T-atom. This is a most important outcome
where a weak hydrogen bonding is observed between the
framework oxygens (surrounding T-atom) and the H atom of the
adsorbed water molecule. However, interestingly, we note that
both the HOMO and LUMO orbital contour maps are converged
by 500 eV cut-off, indicating that a lower cut-off is sufficient for
studying the orbital contributions.

As an extension to this, we also evaluate a property, Electron
Localization Function (ELF), which is often used to study the bond-
ing pattern within molecules and solids [46,47]. Typically, the exis-
tence of an isosurface in the bonding region between two atoms at
high values of ELF e.g. greater than 0.70 signifies a localized bond-
ing. ELF is a function of q(r) and hence w(r). ELF contours (figure
not shown) for a isovalue of 0.80 clearly show localized electron
density around the oxygen atoms coming from the lone pair of
electrons on them. The basins on the water molecule are merged
showing them to be strongly covalent in nature. In contrast, the ba-
sins in zeolite cages are not merged. Around an isovalue of 0.65, the
basins in the zeolite cage also merge. The ELF contours converge for
a plane wave cut-off of 500 eV indicating that structural and elec-
tron densities converge earlier than the total energy values. Hence,
we state explicitly that density-dependent properties along with
structure converge at much lower cut-offs.

In addition, variation of unit cell parameters i.e. a, b, c is also
studied as a function of cut-off. For both T-BEA systems, a, b and
c converge to 12.66 Å, 12.66 Å and 26.29 Å, respectively, above
600 eV cut-off. Unlike geometrical features, lattice vectors are very
sensitive to the quality of plane wave cut-off chosen. All the above
values describing geometrical data match very well with our ear-
lier electronic structure studies [34]. Thus, although the pseudo-
potential techniques are easy to be applied for large complex
systems, the evaluation of several properties, as described above,
necessitates the need of proper selection of parameters like kinetic
energy cut-off for the plane wave basis in their accurate
description.
5. Conclusion

In this Letter, we study the role of a simple parameter, cut-off
energy of a plane wave basis, required for an accurate description
of periodic systems. Different types of bonding (intra- and inter-
molecular) can be described with reasonable accuracy by a low
plane wave cut-off. This fact is proved by the description of ELF
and HOMO–LUMO contours. However, the total energy and rela-
tive properties depending on it, such as interaction energy, require
a cut-off which is larger than that required for structural conver-
gence. The role of plane wave basis extension for these periodic
solids is exactly the same as that reported in earlier studies
[11,48,49] for finite molecular systems. Hence, for these particular
periodic systems one can use 500 eV cut-off in structural conver-
gence, where as total energy convergence requires more than
800 eV cut-off.

We conclude that caution must be exercised while choosing
these control parameters, both from the structural and energetic
point of view, for systems involving ionic and weak interactions.
Also, as discussed in the methodology, in order to avoid artificial
results, additional parameters like grid size need to be set up
properly.
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